
 

The HodgeTheorem
Basedon Warner's Foundationsof Diff'the Mfts and
Taylor's PDE I

Port The last

we'll be working within the class of compact oriented Riemannian
manifolds of dimension n with 2M 0

Recall that Riem mfts carry a uniquetorsion free metric connection 0that induces a Laplacian on all tensorbundles and in particular on
functions fecocm Vra the equivalentexpressions

Af tn CdfD trP2f gI2iCgkgiiz.f
where g Letgig in local coordinates

Thereis another competitivenotion at the Laplacian the Medge Laplacion

Fromhereor we let Ek M f M NLT M be the bundle of
smooth differential k farms over M

Def's Te co differential 8 Ek M Eh M is theformal adjoint of
thedifferential f Ek YM E4Mt

twin w Sz Hw c Eh IMI ZEE4M
Here L c is the standard innerproduct on EMM definedby

win f win dual
M

Pwhee f 7 is the Euclidean inner product on A LT M defined by e.g
declaring dxi.in ndxipo.IE i a sips n an o N base

Recall also that the Hodge Star Ah M h is definedby e.g
Wr n win drool

and thisextends smoothly to Eh En h

FIL Exercise 8 Ek Eh is given by S eighth t t n k I
0 i k o

Def The Hodge Laplacian is defined by A tts Sdt IS



Fact The connection Laplacian mentioned abone agrees with the Hodge Laplaion
on functions but not on higher ferns in general
This is capturedby the Weitzenboch formula Ar S A where
A is a 0th outer Linear operator thedepends on the curvature

Def The space of harmonic p forms on M is the space
HP M i w e ERM Sco o Ker EP EP

Patt Properties
n

First of all let's let E EP M and lets declare each factor
p oto be orthogonal

Prof S is self adjoint

Proof LAW z 582W z Cts win
Cw Sdn w 2827 Lw Sz B

Prep Dw O iff Sco dw O

Proof sufficiency is obvious If Sw 0 we test the equationwith w

O LAW w S ds w w t Lst w w SwSw 1 Stw dw
B

Core Mconnected fc c cm Sf o f is ans L Note 2M O

Parti TheMost BeautifulTheorem in Mathematics

theorem Hodge Weyl Kodaira 1930 s

For each 0 s pen MP m is finite fmensional and there is an

orthogonal decomposition
EP M D EP Ml HP M

SJ EMMI D8 Erm HP M
S EPH Ml d EP Ml HP M

Therefore the Poisson Equation Dw L is solvable iff x is
orthogonal to HP M

Ef Tasty elliptic PDEtheory I'll saysomething aboutthis if I
have time



Def The Green's operator for A is the map G EP EP which maps
a c EP to the unique Sulu of DW ILL

Here I EP LHP t is the orthogonal projection of EPonto LHP t

Prep EJ G is bddand selfadjoint
City G is compact
tix If T S o then G 17 0 CA B AB BA

Pet if S is Dd below on Ut hence
Iwl Hard IS Ghost El G 11

Moreover

Gcw M L Gcw ICND Gcw sun Ls Gcw Gcn

Gta Gcn Gw Gcn

Cri suppose di EEP is Bdd Then Gail is bdd and so is
s Gail I Sohail I a kill E Kil

By a compactness theorem fo b Glad has a Cautysubsea Be

long we can write G bet I o TT

We claim theh TCH CH and T Mt CH t Inteed if
w c M

O T S w TDLw stew Ecw Tcw CH

If L c Ht then 3 WEE set Aw L hence tf 0 EM

Tx 07 4 ET SI w O t Tw O Tw 102 0
Tae htt

Thus CT I Cw o and on Ht CT AIHL 0

Thus on Ut T Int and so altgeth CT G o

by
TG.tw Gta To hrs lot w Intlto11Tcw

Int o11 Tcu T stet 01T w

Corday G commutes with d S S



Parti Consequences for Algebraic Topology

Theoremt let M bea optoorientedRiem mff withoutbudry Then euey
JR cohomology class has a unique harmonic representative

Def let Ed CHjk M By theHodge Theorem we can unite

X ITCH t Ttt d I Gmt et x
Sj Gk t 28 GG It d
g GL da t dSUCH TH t
IS G Ld It a

Thus It a EM has Itch CD
Now suppose di 42EH 21 2 atdB Then since AG 24 0

Ldp d 21 LP SH D Cp 07 0

So JB and X 22 we orthogonal Since dB Caz d 0

Jp d 22 0 and we have anyoneness to the harmonic
representatives in each class

Ba

Coralley The IR cohomology groups of a cptorientable smoothmft without
budy are all fed

theorems PoincareDuality M as abone Define a bilinearfunction
Hark HYE's R

b Coo Enl n f w nuM

Then C is well defined nondegenerate and this determines
isomorphisms

µnjh m z Hjelm
Derof To see the Cc J is well definedsuppose that wit wz Enid_Cuz

we wit da n net dB

II End f wir n f etdDnLnetdfs7
CCwid.CniDtfddrnztwzndBtd2rdB
CCwid.End t f t Larne t turn B t dcandp
cwd.az



Now suppose that Cw CHERLEO We seek a Cn CHTT so thot Cw n7 10
Fix anyRiem structureon M and assume who G tht or c H Then ST o
implies the w c H hence w is closed and so DENTE 03
This allows us to conclude that C T is hontgenute since

Cw w fun w fl WTIO
Therefore C t determines an isomorphism between Mirka 0 In
Explicitly define T MTL H by

Thy 3 L End
Clearly T is liner and it is injectiveby non tegenency

0 Teri Enid C cud aid Enid Enid
We can alsoTeke a similar linear injective map S HYr Trh so
we see that

tmHTnhEdmEgr dmUYr E dm The dmUTE
dimMTL dm Yr hence T is an isomorphism Be

CorallayI M as abone connected The Hjk m IR

egadengsinguthomology

theorems te12ham Fa M a smoothmft

Hln Hbo HB E Hp't FT
Puttry this together with Theorem3 we get

Theoremb i PoincareDuality fer singular cohomology

tis Hui TE t Hn n



A Proof Sketchoh th HolgeTheorem
Patt Solving the PDE Sw d

We will proceed by studyingtheweak fan of theequation andthen
prove regularity

To motivate this suppose that a is a smooth Sdu of Sw L
let MEEPLM and consider

a D win Lw Sz

We say that a linear functional l EP Mts IR is a weaksolution
of s w L p route

z L d n V zc Er.cn

Indeed a classical Soln w is a weak solar by theRiesz
Representation e E L w 2

e Cdn Cw In Cow z Chaz
Theorem7 let DEEP m and LEEP t a weak solution of Sw L

Then I w EEPLM st l n w n V NE ERM Thus
win Sw Sir e Lsu sa n sw x

Thus we seek a weak solu to Sw L relying on the aboveblackboxed
result to provide regularity Actually we'll black box one more tohelp
alongtheway

theorems let LifeEP M w th lait thdit E Cs Thu di has a
Cauty subsequence

Let's see how these results helpprovethe HodgeTheorem

Finite Dimensionality of HP Kers

If HP were O t.nl then we could find an infiniteseq otON di
violating Theorem8

let them w Wn be an 0N basis of HP

EPCm SCEPHP_ For any deEP unite a p t E ca wi wi
where f chtt It suffices then toshowthat Ht D EP



Step ACEP cut

Suppose nett we EP Then

w n L w Sn Sw 02 0

SO inked SCEP CMt

Ige HtcACEP
let a Ht and Jefe l SCEP IR by Usn 52in

That is we define l to be a protoweaksolution of Sw L
We need to extend Ltu EP to invoke Theorem7

First notethe lis well defined If Ani _Am then Mi NzEU
hence San his 0 as Lent

L is alsobdd on ACEP To see this we'll need

iemma S Ht EP is bH below Icao Et 1dL.cc

SLl.PrSppoaoHenisetht3EaifcHt t 1ad I Isaakth
Whoa an is Cauty toy theorem 8
Define l EP IR by LH LimSan n which
exists by theabove L is bdd win norm 1 in fact
and

e Csn lim Ldn An limssxn.ir 0

Thus l is a weak solar oh Aw O and try Theorem7
there is indeed sore wt Eb s L lend Swim

Thu Lw n lcr limsan n an went
with lwk1 Sw o

Now Let meEP and compute

lelsnlt lllscittcnDJI kx.TWEl2llTtcnHscldllsLTtCnDl
Ckl1An1

By HahnBanach we can extend l to EP invoke Theorem7 and
obtain an we EP S1 Dw d as tested

Step3 ALEP Sd EP TS EP

SDL dsp Ltd J2SB O Sd Ep 1 28IEP BE


